This paper compares the application of the PDD 1/2 and PD µ fractional-order control schemes to position control of a purely inertial, second order system. The PDD 1/2 control is a PD control with the addition of the halfderivative term, while the PD µ scheme, with non-integer derivative, is the most common approach to fractionalorder control synthesis. The comparison between PDD 1/2 and PD µ is performed using nondimensional variables and parameters for generality. Simulations analyse the dynamic behaviour of the closed-loop system for tunings of the two control schemes which are characterized by equal settling energy in case of unit step input. The results demonstrate that, with the considered hypotheses, the PDD 1/2 control is more profitable than PD and PD µ controls in improving the control readiness, with the drawback of a limited increase of the overshoot.
Introduction
Fractional Calculus (FC) considers derivatives and integrals with non-integer order [1, 2] ; it was introduced and investigated by great mathematicians of the past, but in the recent time the research interest about this topic is increasing and a wide variety of possible applications of FC is emerging.
Even if most physical systems are properly described by integer-order differential equations, some systems are modelled better by fractional-order differential equations. As a matter of fact, FC is useful in analysing multi-scale phenomena, for example the behaviour of some dielectrics and viscoelastic materials [3] [4] [5] and some cases of heat diffusion [6, 7] .
In physics, there are fractional-order expressions of the well-known Euler-Lagrange, Dirac and Hamilton principles [8] [9] [10] ; other applications of FC in physics are outlined in [11] [12] [13] .
In engineering applications, one of the most interesting application area of FC is control system synthesis [14] [15] [16] [17] . In any closed-loop system, even if the differential equation of the plant is integer-order, it is possible to adopt a fractional-order controller to expand the tuning possibilities.
The PI λ D µ control extends the PID (ProportionalIntegral-Derivative) control by using an integral with noninteger order λ and a derivative with non-integer order µ [18] ; several design techniques for the synthesis of PI λ D µ controllers are discussed in e scientific literature [19] [20] [21] [22] . An alternative fractional-order control scheme is the PDD 1/2 [23] [24] [25] [26] [27] [28] [29] ; this scheme extends the PD (Proportional-Derivative), with the addition of the halfderivative term (D 1/2 ), based on the derivative of order 1/2 (the comparison does not consider the integral term, which acts on the steady state error, because only the transient state is analysed).
Simulation results show that in case of a second-order linear system, considering the step response and keeping constant the settling energy, the PDD 1/2 improves the control readiness with respect to the PD and PD 1/2 schemes [28, 29] .
In the following of the paper the comparison between the PDD 1/2 control and a generic fractional-order PD µ control is outlined, always adopting a nondimensional approach and considering constant settling energy.
The Integro-Differential Operator: Definition and Numerical Computation
The fundamental continuous integro-differential operator a t D α of Fractional Calculus is defined as:
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where a and t are the respectively the fixed and variable limit; different mathematical formulations of this operator are proposed in the scientific literature, which are equivalent. Here the Grünwald-Letnikov definition is considered, because it leads to a robust discrete-time implementation, as discussed in [30] :
In equation (2) h is the time step and Γ is the Gamma function:
Equation (2) can be rewritten adopting a finite sampling time T s , obtaining the following discrete-time approximation [31] :
In equation (4) 
Control
The considered plant is a second-order linear system, which represents a suitable approximation for a wide variety of mechanical and mechatronic systems in which friction effects are negligible; Figure 1 shows the layout of the closed-loop system; in the following a translational mass m subject to a force will be considered, even though the equations and consequently the results are the same in case of a rotor with inertia J subject to a torque. The system dynamic behaviour is expressed by the following differential equation:
In equation (6) F is the control output and e x = x r -x is the error. In case of PDD 1/2 scheme, the control law is:
where K p , K d and K hd are the proportional, derivative and half-derivative gains.
In case of PD µ control, the control law is:
( )
where µ is the order of the derivative and K fd id the gain of the fractional-order term.
As regards the Laplace transform, if all the derivatives of x(t) are null at t = 0, it can be demonstrated that [31] :
Consequently, the transfer functions of the PDD 1/2 and PD µ controllers are respectively the following ones:
Nondimensional Model
The system dynamics is discussed adopting a general dimensionless formulation, using for the PDD 1/2 control the following dimensionless parameters [25] :
where
The parameter ζ, proportional to K d , corresponds evidently to the damping ratio of a mass-spring-damper system; whereas ψ corresponds to the half-derivative
Similarly, a dimensionless parameter is introduced for the PD µ scheme, in order to represent nondimensionally the fractional derivative gain K fd :
It's easy to demonstrate that:
-also ϕ is nondimensional; -when µ = 1 the PD µ controller is a PD controller with ζ = ϕ / 2; -when µ = 1/2 the PD µ controller is a PD 1/2 controller with ψ = ϕ.
In order to obtain nondimensional differential equations, it is necessary to introduce also the dimensionless time t ad = ω n t, the dimensionless position x ad = x /x r and the dimensionless error e x,ad = e x /x r [25] .
Using these variables, starting from equations (6) and (7) The adoption of the dimensionless dynamic equations is represented in Fig. 2 (F ad is the dimensionless force,  x r,ad is the dimensionless set-point) .
In case of PDD 1/2 scheme G c,ad (s), which is the (dimensionless) controller transfer function, is the following: 
Equations (19) and (20) show that the system behaviour depends only on two parameters (ζ and ψ with the PDD 1/2 , µ and ϕ with the PD µ ). In the following of the paper the two control schemes will be compared, considering the response to a step input and tuning the gains to keep constant the settling energy.
Simulation Results

PDD 1/2 control scheme
The behaviour of the system with PDD 1/2 control in case of step input is discussed in [28] , using the FOTF Matlab library [31] ; these results have been confirmed by experimental tests on a mechatronic linear axis [28] . Figures 3 to 6 represent the settling time (2% band), the rise time from 10% to 90% of the final value, the overshoot (%), and the dimensionless settling energy:
While the derivative term reduces the rise time but not significantly the settling time to the step response, the half-derivative term lowers both the rise time and the settling time; moreover, the derivative term reduces the overshoot, while the half-derivative doesn't influence significantly this parameter [27] . energy E s,ad vs. ζ (0÷2) and ψ (0÷8) [27] Simulation results show that the PDD 1/2 control lowers the settling and the rise time using the same settling energy of a PD [27] . For example, Figure 7 represents x ad in the unit step response for the seven parameter sets a1 to g1 of Tab. 1, which give rise to the same dimensionless settling energy of the case with ζ = 1 and ψ = 0 (a1, PD). Table 1 shows the settling time, the rise time and the overshoot for the seven considered parameter sets:
-it is necessary to increase ζ to reduce the overshoot; -the settling time has a minimum with medium ζ (with higher ζ there is too damping, while with low ζ there are long-lasting oscillations);
-also the rise time has a minimum, but it has smaller variations; -high half-derivative terms induce long-lasting oscillations [28] . µ (0÷2) and ϕ (0÷8) Figure 9 . PD µ control, dimensionless rise time vs. µ (0÷2) and ϕ (0÷8) Figure 10 . PD µ control, overshoot (%) vs. µ (0÷2) and ϕ (0÷8) Figure 11 shows the dimensionless settling energy as function of µ and ϕ; the settling energy dramatically increases for values of µ higher than 1; Figure 12 shows a detail of the lower part of the graph of Fig. 11 ; values of µ close to 1 are favourable. Figure 11 . PD µ control, dimensionless settling energy E s,ad vs. µ (0÷2) and ϕ (0÷8) Figure 12 . PD µ control, dimensionless settling energy E s,ad vs. µ (0÷2) and ϕ (0÷8), detail
On the basis of the previous observations, we consider the time histories of x ad for the closed-loop system with PD µ control, for the seven parameter sets of Table 2 consequently, all the parameter sets of the Tab. 1 and 2 are characterized by the same settling energy. (parameter sets c1, d1); on the other hand, the benefits of the PD µ control over the classical PD are not significant. Figure 13 . PD µ control, x ad vs t ad , gain sets of Tab. 2 
Conclusion
The paper compares the PDD 1/2 and PD µ schemes applied a second-order linear system with step input, introducing dimensionless models of the two closed-loop systems; both the models are characterized by two dimensionless parameters: the damping ratio ζ and the dimensionless half-derivative gain ψ for the PDD 1/2 , the derivative order µ and the fractional-derivative gain ψ for the PD µ . The two control schemes have been compared by analysing the step response, varying the dimensionless parameters; in order to reduce the possible combinations, the comparison has been focussed on systems characterized the same dimensionless settling energy. This criterion seems to be reasonable, since the limitation of energy consumption in every technological field is today a fundamental issue. The behaviour of the different control alternatives has been evaluated in terms of settling time, rise time and overshoot.
The simulation results indicate that with the considered hypotheses (second-order plant, step input, constant settling energy) the PDD 1/2 control has a better readiness than the PD and PD µ schemes, with the drawback of a limited increase of the overshoot. The outlined results have been obtained considering constant settling energy and evaluating the best dynamic behaviour; another possible point of view is the minimization of the settling energy fulfilling minimum performance requirements, which is fundamental, for example, for large-scale energy plants.
